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ABSTRACT
We present a detailed linear, nonadiabatic pulsational scenario for oscillating
Blue Stragglers (BSs)/SX Phoenicis (SX Phe) in Galactic Globular Clusters
(GGCs) and in Local Group (LG) dwarf galaxies. The sequences of models were
constructed by adopting a wide range of input parameters and properly cover the
region of the HR diagram in which these objects are expected to be pulsationally
unstable. Current calculations together with more metal-rich models already
presented by Gilliland et al. suggest that the pulsation properties of SX Phe
are partially aected by metal content. In fact, the pulsation periods for the
rst three modes are marginally aected when moving from Z=0.0001 to 0.006,
whereas the hot edges of the instability region move toward cooler eective
temperatures by approximately 300 500 K.
The inclusion of a metallicity term in the Period-Luminosity-Color (PLC)
relations causes a substantial decrease in the intrinsic scatter and in the
individual error of the coecients. This supports the result recently brought
out by Petersen & Christensen-Dalsgaard for δ Scuti stars. Moreover, we
nd that the discrepancy between our relation and similar theoretical and
empirical relations available in the literature is typically smaller than 5%. The
comparison between theory and observations in the MV − log P plane as well
as in the luminosity amplitude − log P plane does not help to disentangle the
long-standing problem of mode identication among SX Phe stars. However,
our calculations suggest that the secular period change seems to be a good
observable to identify the pulsation mode of cooler SX Phe variables.
Together with the previous models we also constructed new sequences of
models by adopting selected eective temperatures and luminosities along two
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2evolutionary tracks characterized by the same mass value and metal content
(M/M=1.2, Z=0.001) but dierent He contents in the envelope, namely
Y=0.23 and Y=0.30. The He content in the latter track was articially enhanced
soon after the central H exhaustion to mimic, with a crude approximation,
the collisional merging between two stars. Interestingly enough, we nd that
the He-enhanced models present an increase in the pulsation period and a
decrease in the total kinetic energy of the order of 20% when compared with
the canonical ones. At the same time, the blue edge of the fundamental mode
for the He-enhanced models is approximately 1,000 K cooler than for canonical
ones. Moreover, we nd that the secular period change for He-enhanced models
is approximately a factor of two larger than for canonical ones. According to
this evidence we suggest that the pulsation properties of SX Phe can be soundly
adopted to constrain the evolutionary history of BSs, and in turn to single out
the physical mechanisms which trigger their formation.
Subject headings: δ Scuti { stars: blue stragglers { stars: evolution { stars: oscillations
{ stars: variables: other
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1. Introduction
During the last few years both ground based and HST photometric observations
of Open Clusters (Ahumada, & Lapasset 1995; Dinescu et al. 1996; Landsman et al.
1998; Mazur et al. 1999b), GGCs (Auriere, Lauzeral, & Ortolani 1990; Buonanno et al.
1994; Ferraro, Fusi Pecci, & Bellazzini 1995; Walker & Nemec 1996; Kaluzny et al. 1997;
Guarnieri et al. 1998; Borissova et al. 1999; Ferraro et al. 1999; Piotto et al. 1999), and
dwarf Spheroidal galaxies (dSphs, Mateo et al. 1995; Grillmair et al. 1998; Monkiewicz et
al. 1999) brought out the evidence that BSs are more a widespread feature than an anomaly
in these stellar systems. The BSs are systematically bluer than cluster main-sequence (MS)
stars and typically cover a range of two magnitudes above the Turn-O (TO). Therefore BSs
in these stellar systems mimic a population of MS and post-MS stars more massive than the
TO stars. The observational scenario of these intriguing objects is further enriched by the
fact that BSs cross the Cepheid instability strip, and therefore a fraction of them, roughly
the 30%, oscillate both in radial and/or nonradial modes (Gilliland et al. 1998, hereinafter
G98). The oscillating BSs after the discovery in ω Cen (Niss 1981) were christened SX
Phoenicis variables (Nemec & Mateo 1990).
The BSs are the crossroad of paramount theoretical and observational eorts, since we
still lack a rm understanding of the physical processes that govern their origin and their
subsequent evolution. Even though several mechanisms have been proposed to explain
the occurrence of BSs in GCs, we have not yet understood how the dynamical history
of the cluster cores aects the formation of these objects. The most popular mechanism
suggested for the formation of BSs is the mass accretion of a MS star caused either by
the mass transfer/coalescence between dierent components in primordial binary systems
(binary merging) or the direct collision of two or more stars (collisional merging) in high
density regions (Bailyn 1995; Sandquist, Bolte, & Hernquist 1997, hereinafter SBH97; Sills
& Bailyn 1999). These two dierent hypotheses have been further strengthened by the
discovery of contact, semidetached, and detached eclipsing binaries in several GCs (Mateo
et al. 1990; Kaluzny, & Krzeminski 1993; Edmonds et al. 1996; Rubenstein, & Bailyn 1996;
Yan & Reid 1996; Mazur, Kaluzny, & Krzeminski 1999a, and references therein).
Moreover, dynamical calculations suggest that the binding energy in primordial
binaries is a key source to prevent, if not halt, the core collapse and/or to trigger the
expansion during the post-core collapse phases. As a consequence, if BSs are formed via
a binary merging, the luminosity function of BSs can constrain the energy supplied by
these objects (SBH97). On the other hand, if BSs are the progeny of star-star, binary-star,
or binary-binary interactions, then the luminosity functions of clusters characterized
by dierent central densities can supply tight constraints on the cross section of stellar
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interactions (SBH97).
In order to properly identify binary and collisional BSs, Bailyn (1992) suggested a
photometric criterion. In fact, hydrodynamical calculations by Benz & Hills (1992) show
that the remnants of two colliding stars are characterized by a higher He content in the
envelope than the remnants of binary merging. As a consequence, the BSs formed via
collisional merging should be simultaneously brighter and bluer than the ones formed via
binary merging. The dierence in the chemical prole would also imply a substantial
change in the evolutionary tracks and in the luminosity functions of the two BSs groups
(Bailyn & Pinsonneault 1995; SBH97). A further interesting observable to split binary and
collisional BSs has been suggested by Shara, Saer, & Livio (1997) and by Ouellette, &
Pritchet (1998) who noted that the remnants of collisional mergings should be, due to the
conservation of angular momentum, rapidly rotating stars.
Although these selection criteria appear to be based on straightforward empirical
stellar properties and an unprecedented number of BSs stars have been detected by HST
observations in the dense cores of GGCs we still lack a clear understanding on the intimate
nature of these objects. In fact, recent deep photometric data support the evidence that
BSs present a bimodal radial distribution (Bailyn, & Pinsonneault 1995; Ferraro et al. 1997;
Saviane et al. 1998). In this scenario the BSs located close to cluster center were formed via
stellar collisions, whereas the BSs located in the outskirt of the cluster formed via binary
merging. However, no general consensus has been reached yet, and indeed Sigurdsson et
al. (1994) suggested that the entire sample of BSs in M3 formed via stellar collisions,
while Sills, & Bailyn (1999) suggested that in this cluster the BSs centrally located are the
progeny of two distinct populations.
In view of these unquestionable facts, we suggest to investigate the pulsation behavior
of SX Phe variables to constrain the physical mechanisms that trigger the formation and
evolution of BSs. In fact, it has been recently shown (Petersen & Christensen-Dalsgaard
1996; G98; Petersen & Ho¨g 1998a) that the comparison between predicted and observed
period ratios can supply useful constraints on the pulsation masses of mixed-mode variables.
Interestingly enough, G98 found a good agreement between pulsational and evolutionary
masses for 4 mixed-mode variables and by combining the two estimates it turned out that
the stellar masses of these objects range from 1.3  0.1 to 1.6  0.2 M. Although this
approach presents several advantages, the theoretical predictions currently adopted in the
literature to constrain the pulsational behavior of SX Phe are only based on linear adiabatic
and nonadiabatic models. Therefore the comparison between theory and observations was
limited to period and period ratios. At the same time, the mode identication was based
on linear growth rates instead of on nonlinear limit cycles. This is the second paper of a
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series devoted to a detailed theoretical and observational analysis of SX Phe variables in
stellar systems and in the Galactic eld.
The main aim of this investigation is to present new linear, nonadiabatic pulsation
models for metal-poor (Z=0.0001 and Z=0.001) SX Phe and to compare theoretical
predictions with observational data available in the literature. In x2 we discuss current
linear, nonadiabatic models and present a detailed analysis of the dependence of pulsation
properties on metallicity. In x3.1 we supply the analytical relations for the rst three radial
modes connecting the pulsation period to stellar mass, luminosity, eective temperature,
and metallicity. Both the PLC and the PLCZ relations and their intrinsic accuracies
are detailed in x3.2, together with the comparison with similar theoretical and empirical
relations available in the literature. The comparison between the predicted blue edges for
the rst three radial modes with current empirical data on SX Phe in GGCs, in dwarf
galaxies, and in the Galactic eld is presented in x4. In this section the problems that are
still hampering the mode identication among SX variables are also briefly discussed. The
dependence of modal stability, and pulsation periods on the He content is presented in
x5. The impact that the comparison between empirical and theoretical observables could
provide to disentangle the evolutionary history of BSs are also outlined in this section. The
main results of this investigation are summarized in x6.
2. Linear Nonadiabatic Models
The input physics, physical and numerical assumptions adopted to construct linear,
nonadiabatic, radiative models for SX Phe variables were already addressed in Bono et al.
(1997, hereinafter B97) and in G98. Therefore they are not discussed in detail here. In
order to supply a comprehensive theoretical framework for SX Phe in GGCs we constructed
several sequences of models by adopting a xed He content (Y=0.24) and two dierent
metal abundances, namely Z=0.0001 and Z=0.001. For each given chemical composition
we adopted three dierent mass values (M/M=1.0, 1.2, 1.4) and luminosity levels ranging
from log L/L= 0.60 to log L/L=1.4. The models cover a wide temperature range
(6, 000  Te  8, 800 K) and for each individual model we investigated the modal stability
of the rst three radial modes.
Tables 1-35 summarize the input parameters and selected linear observables for the
entire set of models we constructed. From left to right the columns give: luminosity,
eective temperature (K), radius (cm), period (day), pulsation constant (d), kinetic energy
5Table 1 is published in the printed edition, while Tables 2 and 3 are only available in the on-line edition.
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(ergs), and growth rate. The third column of Tables 2 and 3 lists the rst overtone (FO)
and the second overtone (SO) to fundamental (F) period ratios respectively. In agreement
with the assumption adopted by G98 the inner boundary was xed at a relative distance
from the stellar center roughly equal to 10 % of the photospheric radius. This choice
ensures that the envelope mass throughout the instability strip ranges from 40 to 80% of
the total mass. The mass ratios between consecutive zones and the spatial resolution across
the envelope were also xed according to G98. For temperatures higher than 10,000 K we
adopted OPAL radiative opacities (Iglesias & Rogers 1996), while for lower temperatures
we adopted molecular opacities by Alexander & Ferguson (1994). The procedure adopted
to interpolate the opacity tables is described in Bono, Incerpi, & Marconi (1996). The
small values attained by the growth rate explains why up to now the lengthy calculations
necessary to investigate the nonlinear behavior of high gravity variables have been only
partially tackled (Bono et al. 1997).
Figure 1 shows the opacity and the adiabatic exponent Γ3 (left panels) as a function of
logarithmic temperature for three dierent models centrally located in the instability strip.
These models were constructed by adopting the same stellar mass (M/M=1.2), luminosity
(log L/L=1.05), eective temperature (Te = 7250 K), and He content (Y=0.24) but three
dierent metal abundances, namely 0.0001, 0.001, and 0.006. Data plotted in this gure
show quite clearly that these structures present a mild dependence on metal content, and
indeed a decrease of almost 1.5 dex in [Fe/H] causes a decrease of the order of 20% in the
Z-bump opacity (log T  5.15) and a negligible change in both HeII (log T  4.65) and
H plus HeI (log T  4.18) opacity peaks. The adiabatic exponent also shows a negligible
dependence on Z, and indeed the three models attain, in this temperature interval, almost
identical values. The mild dependence on Z is also supported by F periods which increase
by approximately 3% when moving from Z=0.0001 to 0.006.
The total works plotted in the right panels show, as expected (Bono, Marconi &
Stellingwerf 1999a), that an increase in the metal content from 0.0001 to 0.006 causes a
decrease in the pulsation destabilization. In fact, the total work of the F mode decreases
from 7.15 10−6 (Z=0.0001) to 3.80 10−6 (Z=0.006). Even though the Z-bump in the
more metal-rich model (dashed line) is larger than in the metal-poor ones (solid line) the
driving across this region is smaller in the former model that in the latter ones. This
eect might be due to the fact that the opacity derivatives in the more metal-rich model
are smoother than in the metal-poor ones. The FO mode shows a similar behavior, and
indeed the pulsation periods increase by less than 1%, while the total work decreases from
7.97 10−5 (Z=0.0001) to 5.02 10−5 (Z=0.006). We refer the reader to G98 for a detailed
discussion on the role played by the Z-bump and by the location of radius, luminosity and
temperature nodes in the destabilization of overtone pulsators. Note that even though the
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dependence of the SX Phe pulsation properties on metallicity is marginal, an increase in
the metal content causes a shift of the fundamental blue edge (FBE) toward cooler eective
temperatures by approximately 200 K at log L/L=1.0 and 500 K at log L/L=0.7. In
this luminosity range rst and second overtone blue edges move toward lower eective
temperatures by roughly 400 K. This suggests that metal-poor BSs are, at xed input
parameters, more enthusiastic pulsators than metal-rich ones.
The small values attained by the quoted total works together with the values listed
in column (7) of Tables 1-3 conrm the strong adiabatic nature of SX Phe brought out by
G98. Current results also suggest that at xed input parameters a decrease in metallicity
causes a further decrease in the total work, and in turn in the adiabatic nature of these
objects. The normalized total work is the analog of the growth rate, i.e. the stability
parameter which supplies a necessary condition for the modal stability. A glance at the
models which are unstable in the rst three modes suggests that the SO total works are
higher than for FO and the latter ones higher than for F pulsators. This nding conrms
that even in the metal-poor regime higher overtones are more destabilized than the F mode
(G98). Moreover, the evidence that at xed input parameters the total kinetic energy
decreases by approximately a factor of 5 between F and FO and by a factor of 2.5 between
rst and second overtone makes the probability to detect overtone pulsators among SX Phe
higher than for F ones. Finally, we mention that a decrease in the metal content causes on
average an increase in the period ratio. In fact, the P1/P0 increases from 0.77 to 0.79 when
moving from Z=0.006 to Z=0.0001. The dierence among higher overtones is smaller, and
indeed the same change in metallicity causes an increase in P2/P1 from 0.81 to 0.82. The
small changes in the period ratios of consecutive models listed in Table 2-3 are caused by
marginal variations in the total mass of the envelope.
3. Systematic pulsation properties
3.1. Pulsation periods
Recent optical and UV data collected with HST allowed the identication and the
follow-up of exotic X-ray sources in the core of GCs (Grindlay 1999). Quite often these
objects present luminosity variations on time scales which range from few minutes to
17 hours. As a consequence, they partially cover the period range of SX Phe (Deutsch,
Margon, & Anderson 2000). In order to supply the pulsation relations -i.e. the analytical
relations which connect the pulsation period to stellar mass, luminosity, and eective
temperature- for the rst three radial modes, we estimated the least square t to the large
grid of models listed in Tables 1-3. However, the comparison between the periods based
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on the new relations and the periods based on the analytical relations derived by G98 for
Z=0.006 presents a period dierence that for the second overtone is the of order of 0.015
in log P . Therefore, to derive pulsation relations which cover a wide metallicity range
(0.0001  Z  0.006) we performed once again the t by including the G98 models. The
analytical relations we nd are the following:
log P (F ) = 9.854(0.003)− 0.434(0.005)  log M + 0.743(0.001)  log L
−3.016(0.005)  log Te + 0.0023(0.0004)  log Z σ = 0.003
log P (FO) = 9.800(0.004)− 0.401(0.006)  log M + 0.736(0.001)  log L
−3.034(0.006)  log Te + 0.0043(0.0005)  log Z σ = 0.004
log P (SO) = 9.620(0.004)− 0.382(0.006)  log M + 0.725(0.001)  log L
−3.011(0.005)  log Te + 0.0081(0.0004)  log Z σ = 0.004
where M and L are in solar units, σ is the standard deviation and the other symbols
have their usual meaning. Note that the sign of the metallicity term supplies a direct
explanation of the empirical evidence recently brought out by Rodriguez & Lopez-Gonzalez
(2000, hereinafter RLG00) that the mean period of SX Phe in GGCs and in LG dwarfs scales
with the metallicity. The accuracy of the new analytical relations is further strengthened by
data plotted in Figure 2 that shows the dierence between computed and analytical periods
for the three selected metallicities. In fact, the discrepancy for the rst three modes is, over
the entire period range, typically smaller than 0.005 dex.
Finally, we mention that current models have been constructed by assuming that
radiation is the main flux carrier throughout the envelope. This is a plausible assumption
for hot models but could introduce systematic uncertainties in the coolest ones. In order to
supply a quantitative estimate of this eect we evaluated the dierence between the periods
for δ Scuti stars predicted by B97 on the basis of both linear, nonadiabatic, radiative
models and full amplitude, nonlinear, convective models (see their Tables 1 and 2). We
nd that the dierence for the rst three radial modes ranges from approximately 9 10−4
2  10−3. As expected the nonlinear, convective periods are systematically shorter than
the linear, radiative ones (Bono & Stellingwerf 1994). This dierence might introduce
spurious eects in the period ratios predicted by radiative models but it has negligible
eects on individual periods. On the other hand, the assumption of radiative transport
marginally aects the linear predictions on the blue edges. In fact, they are typically
located at eective temperatures hotter than 7,500 K, and therefore radiation is the main
flux carrier throughout the envelope. The comparison between linear and nonlinear blue
edges predicted by B97 is hampered by the occurrence of mixed-mode pulsators across the
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3.2. Theoretical Period-Luminosity-Color relations
In two recent detailed investigations McNamara (1997,2000) found that High-Amplitude
δ Scuti (HADS, i.e. variables with visual amplitudes larger than 0.15  0.30 mag) and
SX Phe stars obey to a Period-Luminosity (PL) relation. This nding was supported by
Petersen & Christensen-Dalsgaard (1999, hereinafter PCD99) who also found that the
intrinsic dispersion of the theoretical PL relation can be signicantly reduced by including
both a color and/or a metallicity term, i.e. by adopting a PLC or a PLCZ relation. It is
worth mentioning that the previous authors, according to empirical evidence on the width
of the instability strip, found that this outcome holds not only for HADS but also for the
broad family of δ Scuti stars.
To assess whether SX Phe pulsators follow the same trend we estimated the least
square solutions for the sample of models listed in Table 1-3 and for G98 models. The
analytical PLC and PLCZ relations for the rst three radial modes we nd are the following:
Mbol(F ) = 41.06 −3.69 log P −11.17 log Te (σ=0.08)
0.08 0.03 0.18
Mbol(FO) = 39.79 −3.68 log P −10.93 log Te (σ=0.09)
0.09 0.03 0.17
Mbol(SO) = 38.20 −3.67 log P −10.61 log Te (σ=0.09)
0.09 0.02 0.19
where the pulsation periods are in days, the eective temperatures in K, and the
bolometric magnitudes were derived by assuming Mbol() = 4.62 mag. The σ values given
at the end of each relation is the intrinsic dispersion. The PLCZ relations are the following:
Mbol(F ) = 41.60 −3.73 log P −11.37 log Te −0.07 log Z (σ=0.06)
0.06 0.02 0.14 0.01
Mbol(FO) = 40.87 −3.73 log P −11.30 log Te −0.09 log Z (σ=0.06)
0.06 0.02 0.12 0.01
Mbol(SO) = 40.22 −3.76 log P −11.24 log Te −0.10 log Z (σ=0.06)
0.06 0.02 0.12 0.01
Previous results support the nding brought out by PCD99, and indeed not only the
errors on the coecients but also the formal scatter of the PLCZ relations are systematically
smaller than for the PLC relations. In particular, we nd that the σ values in the former
relations decrease by a factor ranging from 30% (F) to 50% (FO, SO). Note that current
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relations were derived by including all unstable models i.e. no temperature selection was
performed.
Figure 3 shows the fractional dierence in the bolometric magnitude for the fundamental
mode between our PLCZ relation and the PLCZ relations derived by PCD99 on the basis of
theoretical models (triangles) and empirical data (circles) collected by McNamara (1997).
The comparison was performed at xed metallicity Z=0.006, since the metal content of the
models constructed by PCD99 range from Z=0.005 to Z=0.02, while the metal abundances
of HADS collected by McNamara range from Z=0.0001 to Z=0.02. The agreement between
the three relations is remarkable, since the discrepancy is typically smaller than 5% over
the entire period range. This nding leads further support to the evidence that both SX
Phe and δ Scuti can be safely adopted to estimate stellar distances. Moreover, previous
PLCZ relations suggest that SX Phe pulsating in the rst or in the second overtone could
be good standard candles as well. In fact, the σ values of their PLCZ relations are, within
the errors, identical to the fundamental one.
The agreement in the sign of the metallicity term in both theoretical and empirical
relations brings out a key result: metal-poor SX Phe and δ Scuti stars are at fixed period
and effective temperature fainter than metal-rich ones. This nding is interesting not
only because observations and theoretical predictions span a three dex metallicity range
but also because it supports recent empirical and theoretical predictions based on the
PLC (Bono et al. 1999a,b; Groenewegen 2000) and on PLCZ (Bono & Marconi 1999) of
classical Cepheids6. In fact, as suggested by Fernie (1992), and more recently supported by
McNamara (1997), δ Scuti and classical Cepheids seem to follow the same PLC relations.
4. Comparison between theory and observations
Up to now 122 SX Phe have been detected in 18 GGCs and 27 in two LG dwarf galaxies
(Carina, Sagittarius). The metallicity of these objects ranges from [Fe/H]=-0.70 (47 Tuc) to
-2.4 (NGC 5053). The reader interested in an overview of SX Phe observational properties
is referred to the recent paper by RLG00. In order to derive a large data sample of both
cluster and eld SX Phe we selected among the eld objects available in the literature the
stars with [Fe/H] −0.50, since the metallicity of our models ranges from Z=0.0001 to
Z=0.006. We end up with 12 eld SX Phe stars.
6Note that in the PL plane the dependence on metallicity is exactly the contrary i.e. at fixed period
metal-poor Cepheids are brighter than metal-rich ones.
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The pulsation period, the absolute magnitude and the visual amplitude for the entire
sample are listed in Table 4 (available in the on line edition). Note that our sample of SX
Phe in GGCs is not identical to the RLG00 one. We did not include the variables G172 and
H2 detected in M 4 and M 71, since they present quite dierent color than the bulk of SX
Phe stars. We also excluded 4 SX Phe in NGC 6397, since their period is uncertain, but we
included the SX Phe recently discovered by Mochejska, Kaluzny, & Thompson (2000) in
E 3. At the same time, we also excluded 4 SX Phe in Carina, since only B magnitudes are
available for these objects. We end up with a sample of 117 SX Phe in GGCs and with a
sample of 23 SX Phe in dwarf galaxies.
The periods in the sample of SX Phe we collected range from 45 minutes to roughly
4 hours (log P = −1.54  −0.8) and V amplitudes AV from 0.02 to 0.90 mag. In order
to shed more lights on the long-standing problem of mode identication we plotted the
entire sample of SX Phe in the Bailey diagram, i.e. AV vs period. We nd that these
observables are useless to disentangle this problem, since over the entire period range the
visual amplitudes changes from few hundredths up to tenths of magnitudes. The same
outcome applies if we split the sample by adopting dierent metallicity bins. This suggests
that in the Bailey diagram no clear separation emerge between SX Phe pulsating in the
fundamental or in higher overtones.
Even though it has been generally assumed that large luminosity amplitudes
(AV  0.15 0.3) are a key feature of fundamental pulsators (McNamara 1995,1997) both
empirical and theoretical evidence suggest that this criterion could be aected by selection
biases. In fact, current nonlinear, convective models of δ Scuti stars (Bono et al. 1997)
support the evidence that overtone pulsators present large luminosity amplitudes close to
the hot edge of the instability strip, while fundamental pulsators present small amplitudes
close to the cool edge. The double-mode SX Phe V2 detected in 47 Tuc (G98) presents a V
amplitude equal to 0.051 in the fundamental mode. This means that a selection criterion
only based on the pulsation amplitude could misidentify low-amplitude fundamental
pulsators. Moreover, as already noted by G98, the detection of low-amplitude, long-period
SX Phe could be aected by selection eects.
We also note that SX Phe in Carina are characterized on average by larger luminosity
amplitudes AV  0.55 mag when compared with the amplitudes of SX Phe in GGCs.
However, this sample could be aected by potential selection eects, since the photometric
accuracy at the typical mean magnitude of SX Phe in Carina was of the order of 0.05 mag
(Mateo et al. 1998). On the other hand, the three SX Phe detected in Sagittarius present
normal amplitudes, but unfortunately their membership has not been conrmed yet. As a
consequence, current data do not allow us to assess on a rm basis what is typical from
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what is peculiar, and in particular whether SX Phe in dwarf galaxies and in GGCs share
the same properties.
To assess whether linear, nonadiabatic models can help to disentangle this thorny
problem the theoretical blue (hot) edges of the instability strip for the rst three radial
modes were transformed into the observational plane by adopting the bolometric corrections
provided by Castelli, Gratton & Kurucz (1997a,b). Owing to the mild dependence of the
blue edges on the metal content, we derived by adopting the entire set of models -i.e.
current plus G98- the following analytical relations:
MBV (F ) = -1.32 −3.05 log P (σ=0.07)
0.06 0.05
MBV (FO) = -1.88 −3.13 log P (σ=0.05)
0.05 0.04
MBV (SO) = -2.43 −3.26 log P (σ=0.05)
0.06 0.04
where the symbols have their usual meaning. Figure 4 shows the comparison in the
Magnitude-Period diagram between current empirical data in GGCs (top) and in dwarf
galaxies (bottom) with the blue edges for the rst three radial modes. Distance moduli
and metallicities for GGCs were taken from Harris (1996) and Carretta & Gratton (1997),
while for Carina and Sagittarius we adopted the values suggested by Mateo (1998). A
glance at the data plotted in this gure clearly shows that the bulk of SX Phe (roughly
70%) are distributed in the so-called "OR-region" i.e. the region of the instability strip in
which two or more modes are simultaneously excited. Therefore this theoretical scenario
does not allow us to rmly identify the mode of these variables. However we note that,
within current uncertainties on GGC distances, the variables located above the FBE are
almost certainly overtone pulsators. The location of blue edges is only marginally aected
by nonlinear eects and therefore the nonlinear blue edges should only be slightly shifted
toward cooler eective temperatures. Moreover, the four brightest variables among the SX
Phe identied in 47 Tuc are also located above the FBE, in particular the double-mode
variable V15 is almost certainly pulsating in overtones higher than the second one. This
evidence supports the mode identication suggested by G98 for this object. The same
outcome applies for V2.
Figure 5 shows the distribution of eld SX Phe in the MV − log P diagram. The
comparison with the theoretical edges brings out the same behavior we already found for
SX Phe in GGCs and in dwarfs. Three fundamental/rst overtone double-mode variables
have been identied to date among eld SX Phe, namely BL Cam (Hintz et al. 1997a), SX
Phe (Nemec, Nemec-Linnell, & Lutz 1994), and AE UMa (Hintz et al. 1997b). Note that
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among these variables the main pulsation mode, i.e. the mode with the largest luminosity
amplitude, is the fundamental one. Our results seem to support these identications,
since these objects are located within the errors across the fundamental blue edge. Due to
the well-known correlation between the pulsation periods and metallicity we also tested
whether the metal content plays any role in the mode identication. We split the SX Phe
in GGCs in two metallicity bins i.e. [Fe/H ]  −1.6 and [Fe/H ] > −1.6. Unfortunately,
the distribution of SX Phe in the MV − log P plane does not show any signicant change.
To overcome the problem it has been suggested by Alcock et al. (2000) and McNamara
(2000) to account for the asymmetry of the light curve, and indeed fundamental pulsators
should present larger amplitudes and more asymmetric light curves when compared with
rst overtone ones. Current data for SX Phe in ω Cen seem to support this trend, but the
observational scenario is still controversial. In fact, McNamara found that at least one, and
maybe two, of the FOs in Carina present asymmetric light curves. A similar conclusion was
also reached by Mateo, Hurley-Keller, & Nemec (1998) and by Poretti (1999) on the basis
of empirical data as well as by Bono et al. (1997) and by Templeton et al. (1998) according
to nonlinear theoretical models.
Finally, we decided to check whether the secular period change -dP/(P dt) = _P/P -
can be adopted to overcome this thorny problem. This observable presents several
advantages when compared with the previous ones: 1) it is the coupling of evolutionary
and pulsational properties; 2) it is marginally aected by systematic errors. In particular,
we estimated according to the pulsation relations given in x3.1 the variation of _P/P along
three evolutionary tracks constructed by adopting the same chemical composition (Y=0.23,
Z=0.001) but dierent stellar masses namely 1.2, 1.28 and 1.4 M. Figure 6 shows the
change of this parameter inside the instability strip for the rst three radial modes as a
function of the logarithmic period. Note that the eective temperature of the blue edge was
xed according to the models listed in Tables 1-3, while the red edge was located 1,500 K
cooler than the previous one. The latter value is arbitrary and was chosen only to supply an
upper limit to the width of the instability strip for each individual mode. Data plotted in
this gure support the evidence that the secular period change can be adopted to identify
the pulsation mode of SX Phe stars. In fact, the region in which this parameter attains
similar values is, at xed mode, quite narrow and located close to the blue edge. However,
the secular period changes for the rst three modes are quite similar for _P/P  0.10. This
nding suggests that the mode identication is more robust for SX Phe located in the
middle or close to the red edge of the instability strip. Current empirical observations on
secular period changes of SX Phe are quite scanty and only refer to metal-rich eld objects
(Breger & Pamyatnykh 1998).
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The photometric databases collected by microlensing experiments on cluster SX Phe
variables can supply useful constraints on the accuracy of such a parameter to identify the
pulsation mode. However, it is worth noting that to detect and measure a phase drift in
the time of maximum light due to evolutionary changes would require that the observations
span a time interval of a few decades. In fact, by taking into account a rst overtone
pulsator with P=5,400 s, the data plotted in the middle panel of Fig. 6 suggest that
_P  3.5  10−14s s−1. Therefore according to Kepler et al. (2000) to detect a dierence
of a few seconds in the observed minus calculated times of maxima is necessary that the
observations cover a time interval of  10− 20 yr (see also Breger & Pamyatnykh 1998).
5. High overtone models
Together with the previous grid of models we also constructed several models along an
evolutionary track at xed stellar mass (M/M=1.2) and chemical composition (Y=0.237,
Z=0.001). The adopted temperature step is roughly 300 K, and the modal stability was
estimated up to the sixth overtone. We adopted a dierent approach to construct these
models, since we plan to perform the nonlinear analysis on these structures. Moreover,
to investigate the dependence of linear observables on He content we also constructed an
evolutionary track in which, immediately after the central H exhaustion, the He content
of the envelope was articially enhanced to Y=0.30. This evolutionary track is a crude
representation of the aftermath of the collisional merging. We are aware that it was
constructed by adopting severe over-simplications, but they are only aimed at testing
whether linear nonadiabatic observables do depend on He content. Figure 7 shows the two
evolutionary tracks in the HR diagram together with the pulsation models (lled circles).
The inner boundary for some of the hottest models was slightly moved toward the surface to
maintain approximately constant the envelope mass across the strip. However in agreement
with G98, we nd that the period dierence between canonical and shallower models is of
the order of 0.0002 day and smaller than 0.0003 day for period ratios. Table 5 lists the
input parameters, the periods and the pulsation constants for the two sets of models.
Data listed in this table show that the models constructed by adopting a higher He
content present a dierent modal stability at hotter eective temperatures. In fact, among
He-enhanced models the fundamental mode becomes unstable for temperature roughly
7The pulsational models distributed along the canonical track were constructed by adopting a He content
slightly higher that the evolutionary one (0.24 against 0.23). This difference is motivated by homogeneity
with previous calculations and also because it has a marginal effect on the pulsation behavior.
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equal to 7,000 K, whereas for canonical models it becomes unstable close to 8,000 K.
Canonical and He-enhanced models show at lower eective temperatures a similar behavior,
and indeed for Te  7, 300K higher overtones, as expected, become rapidly stable.
The evidence that at higher eective temperatures the He-enhanced models present a
dierent modal stability when compared with the canonical ones is worth being investigated.
In order to assess whether this dierence is caused by the increase in the He content
we performed a numerical experiment by constructing two models at xed stellar mass
(M/M=1.2), luminosity (log L/L=0.98), eective temperature (Te = 7, 900 K), and
metal abundance (Z=0.001) but dierent helium contents, namely Y=0.24 and Y=0.30.
Interestingly enough, we nd that the pulsation properties of the two models are almost
identical, and indeed the periods of the He-enhanced model are slightly longer (< 1%),
while the total kinetic energy is larger by an amount which ranges from 15% for the second
overtone to less than 2% for the sixth overtone. This nding suggests that at xed input
parameters an increase of 20% in the He content does not cause a substantial change in the
pulsation characteristics.
As a consequence, the change in the modal stability of hot models is caused by
evolutionary eects, and in particular by the increase in luminosity. Figure 8 shows the
total works for the rst six modes of the two pulsation models constructed by adopting
the same mass value and metal content but dierent luminosities and He abundances (see
labeled values). Data plotted in this gure show that the increase in the luminosity causes
in He-enhanced models a decrease in the mean density, and in turn a systematic shift of
both H and He driving regions toward the center. At the same time, the work curves show
that the Z-bump, due to metals, plays a marginal role in the destabilization of higher
overtones. In fact, the nonadiabatic region -i.e. the envelope region which drives these
modes- moves toward the stellar surface, and therefore their properties are marginally
aected by the innermost adiabatic regions.
On the other hand, the periods of He-enhanced model are approximately 20% longer
than the canonical ones (see Table 5). Moreover we also nd that the total kinetic energy
of He-enhanced model is  20% smaller among lower modes and the dierence becomes
vanishing among higher overtones. This implies that SX Phe variables characterized by
a large He content in the envelope should present larger pulsation destabilizations when
compared with the canonical ones. These results, once conrmed by nonlinear, limiting
cycle calculations, suggest that not only the period distribution but also the pulsation
amplitudes inside the instability strip can be adopted to constrain the evolutionary history
of SX Phe stars.
Finally, we decided to investigate whether the secular period change of both He-
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enhanced and canonical models present a dierent behavior in the _P/P vs log P plane.
Figure 9 shows the secular period changes estimated along the two evolutionary tracks
plotted in Figure 7. Note that the blue edges adopted to perform these calculations rely
on the pulsation models listed in Table 5, while the red edges were arbitrarily xed 1,500
K cooler than the previous ones. Interestingly enough, Figure 9 shows that at xed period
the He-enhanced models present _P/P values that are on average a factor of two larger than
the canonical ones. Note that the sharp jump in the _P/P values of He-enhanced rst and
second overtone models is due to the fact that the He-enhanced track does not present,
as for the canonical one, a steady increase in luminosity and eective temperature. These
changes are spurious and caused by the adjustment of the physical structure of the envelope
soon after the change of its chemical prole. However, the sharp change of _P/P values
further strengthens the strong sensitivity of this parameter even to small variations in the
physical parameters. This nding supports the evidence that accurate estimates of secular
period changes can also be adopted to constrain the physical mechanisms which trigger the
formation of BSs.
6. Summary and conclusions
We constructed several sets of linear, nonadiabatic pulsation models to investigate the
modal stability of SX Phe variables. To account for the pulsation behavior of SX Phe in
GGCs and in dwarf galaxies we adopted stellar masses ranging from 1.0 to 1.4 M and
two dierent metal contents, namely Z=0.0001 and Z=0.001. For each selected mass value
and chemical composition we constructed model sequences which cover a wide range of
luminosities and eective temperatures.
Current theoretical scenario, implemented with the more metal-rich calculations
performed by G98, suggests that the pulsation behavior of SX Phe stars are partially
aected by metal content. In fact, we nd that metal-poor models present when compared
with metal-rich ones marginal changes both in the pulsation period and in the total work.
However, it is worth mentioning that a decrease in the metal content from Z=0.006 to
Z=0.0001 causes a shift of the blue edge for the rst three modes toward hotter eective
temperatures ranging from 300 to 500 K. At the same time, we nd that at xed input
parameters the total kinetic energy decreases by a factor of 5 between fundamental and
rst overtone and by a factor of 2.5 between rst and second overtones. This nding further
supports the evidence suggested by G98 that SX Phe variables should be enthusiastic
overtone pulsators, since a decrease in the total kinetic energy implies a decrease in the
pulsational inertia of the envelope, and in turn an increase in the pulsation destabilization.
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On the basis of both current theoretical models and models constructed by G98 we
estimated the pulsational relations for the rst three radial modes. Interestingly enough
we nd that the inclusion of a metallicity term substantially improves the accuracy of the
analytical periods. In fact, we nd that over the entire period range the dierence between
computed and estimated periods is within 0.005 dex. Moreover and even more important,
we conrm the result recently brought out by PCD99 that the inclusion of a metallicity
term in the PLC relation causes a decrease in the intrinsic scatter of the relation. At
the same time, we performed a detailed comparison of our PLCZ relation with a similar
theoretical relation derived by PCD99 and with the empirical relation given by McNamara
(1997), we nd that the discrepancy over the entire period range is smaller than 5%. This
result supports the use of SX Phe variables as standard candles, once the pulsation mode
has been properly identied.
In order to disentangle the long-standing problem of mode identication we performed
a detailed comparison in the MV vs log P plane between the predicted blue edges for the
three rst radial modes and current available data for SX Phe in GGCs, in dwarf galaxies,
and in the Galactic eld. The distribution of SX Phe in the instability strip and current
uncertainties on distance moduli do not allow us to properly identify the pulsation mode
of these objects. The outcome is the same if we use the luminosity amplitude vs period
diagram or the HR diagram. Bright, short-period, high-overtone pulsators as for V15 and
V16 in 47 Tuc (G98) might provide better prospects for identication, however for these
superior photometry from 1999 (Bruntt et al. 2000) provide a V15 period ratio that is now
inconsistent with a simple high-overtone interpretation. For V16 the new data conrm the
lower amplitude pulsation found earlier, but the longer period mode is not detectable in the
new data suggesting signicant amplitude changes have occurred. The high overtone mode
identications for 47 Tuc SX Phe stars have not been shown to be secure.
The diculties in the mode identication can be explained if we assume that the
instability strip of SX Phe is characterized by wide "OR regions" i.e. regions within which
two or more modes are simultaneously excited. This plausible but qualitative argument is
supported by the large number of mixed-mode pulsators found in 47 Tuc by G98. However,
it is clear that we come to a deadlock and SX Phe together with Mira are the two groups of
radial variables for which we still lack a straightforward method to single out the pulsation
mode. Therefore it seems quite interesting that secular period changes can be adopted to
single out the pulsation mode of cooler SX Phe variables. To properly attack the problem,
not only new and accurate data for SX Phe stars in GGCs and in dwarf galaxies are
necessary, but also a detailed set of full amplitude nonlinear pulsation models are needed
which can supply useful insights into their pulsation properties.
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Together with the previous calculation we also constructed two new sets of pulsation
models along two evolutionary tracks characterized by the same stellar mass (1.2 M)
and metal content but dierent He contents, namely 0.24 and 0.30. To supply a crude
but straightforward representation of a stellar collision the latter track was constructed by
articially enhancing, soon after the central H exhaustion, the He content of the envelope.
Unlike, the previous sets of models we estimated for these models the rst seven modes i.e.
fundamental and six overtones. Interestingly enough we nd that the increase in the He
causes, as expected, an increase in the stellar luminosity, which in turn causes a signicant
change in the pulsation behavior of SX Phe. In fact, among the He-enhanced models the
fundamental mode becomes unstable for eective temperatures close to 7,000 K, while the
canonical ones at 8,000 K. Moreover, the He-enhanced models present pulsation periods
and total kinetic energies that are approximately 20% longer and 20% smaller than the
canonical ones. It is noteworthy that the secular period changes of He-enhanced models
are, on average, a factor of two larger than the canonical ones.
This nding brings out the evidence that the pulsation behavior of SX Phe and in
particular luminosity amplitudes, period distributions, the topology of the instability strip,
and the secular period change can supply useful constraints on the evolutionary history of
BSs, and in turn on the physical mechanisms which trigger their formation in GGCs and in
dwarf galaxies.
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Fig. 1.| Left panels: Opacity (top) and adiabatic exponent (bottom) for three models
centrally located in the instability strip and constructed by adopting xed mass, luminosity,
eective temperature, and He content but dierent metallicities (see labeled values). Right
panels: total work curves per logarithmic temperature for the three models adopted in the
left panels. The individual work curves were normalized using the same value of the total
kinetic energy: KE(F)=3.92 1044 erg for the fundamentals (top) and KE(FO)=5.55 1043
erg for the rst overtones (bottom). Fundamental and rst overtone periods (d) are also
plotted in the right panels.
Fig. 2.| Fractional dierence between computed and analytical periods. The latter ones
were estimated by adopting the pulsation relations which include the metallicity term. From
top to bottom the panels refer to fundamental, rst, and second overtone respectively. Models
constructed by adopting dierent metal contents are plotted with dierent symbols.
Fig. 3.| Fractional dierence in the bolometric magnitude at xed metallicity (Z=0.006)
between dierent fundamental PLCZ relations as a function of logarithmic period. The
fractional dierences -i.e. (our- other)/our- were estimated between our PLCZ relation and
the PLCZ relations based on theoretical models (triangles) and empirical data (circles) for
HADS stars (McNamara 1997) derived by PCD99. See text for more details.
Fig. 4.| Comparison in the MV − log P plane between predicted blue edges for the rst
three radial modes and current data available in the literature for SX Phe in GGCs (top
panel) and in the dwarf galaxies Carina and Sagittarius (bottom panel). See Table 4 for more
details on empirical data. The error bar in the lower right corner is a plausible estimate of
the uncertainties aecting current distance determinations.
Fig. 5.| Same as Figure 4, but for eld SX Phe variables. Primary (fundamental) and
secondary (rst overtone) periods of double-mode variables are connected with a short-
dashed line.
Fig. 6.| Secular period changes for the rst three radial modes as a function of the
pulsation period. The period changes were estimated along three dierent evolutionary
tracks constructed by adopting the same composition (Y=0.23, Z=0.001) but dierent stellar
masses (see labeled values).
Fig. 7.| HR diagram showing the location of the pulsational models (open circles)
constructed along the evolutionary tracks for M/M=1.2, Y=0.23 and Z=0.001 (solid line).
The dashed line and the triangles refer to the evolutionary track whose He content in the
envelope was articially enhanced to Y=0.30. See text for more details.
6 SUMMARY AND CONCLUSIONS 25
Fig. 8.| Total work curves for the rst six radial modes as a function of the exterior mass.
The two models were constructed by adopting the same stellar mass, eective temperature,
and metal content (see labeled values), but dierent He contents and luminosities namely
Y=0.24, log L/L=1.05 (solid line) and Y=0.30, log L/L =1.18 (dashed line). The
individual work curves were normalized using the same value of the total kinetic energy
(erg, lower right corner) and articially enhanced by dierent factors (lower left corner).
Linear periods (d) are also plotted.
Fig. 9.| Same as Figure 6, but for the evolutionary tracks plotted in Figure 7.
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